We construct static and mass-shedding limit sequences of hybrid stars, composed of colour flavour locked (CFL) quark matter core, for a set of equations of state (EOSs). The EOS for the hadronic matter is obtained mass-radius relationships are in harmony with those deduced by applying improved hydrogen atmosphere model to fit the high quality spectra from compact star X7 in the globular cluster 47 Tucanae. We observed for some cases that the third family of compact stars exist in the static sequence, but, disappear from the mass-shedding limit sequence. Our investigation suggests that the third family of compact stars in the mass-shedding limit sequence is more likely to appear, provided they have maximum mass in the static limit higher than their second family counterpart composed of pure hadronic matter.
I. INTRODUCTION
Soon after the suggestion that three-flavor quark matter may be the ground state of strongly interacting systems [1] , quark stars are postulated as possible astrophysical objects. It was also hypothesized that some compact stars might be hybrid stars with the core composed of quark matter and surrounded by nuclear mantle. The present knowledge of quantum chromodynamics (QCD) at high density indicates that quark matter might be in a color superconducting phases.
The essence of color superconductivity is quark-quark color superconductor [2, 3] and driven by Bardeen, Cooper and Schrieffer (BCS) [4, 5] pairing mechanism. The possible quarks color superconducting phases include the two-flavor color superconductor (2SC) [6, 7, 8] , the colour flavour locked (CFL) phase [9, 10] , and the crystalline color superconductor (CCS) [11, 12, 13] .
The speculation that the colour superconducting quark matter present in the core of the hybrid stars has triggered many theoretical investigations.
The hybrid stars with CFL quark matter core have been extensively studied. The hadron phase of the hybrid star matter is described by the various models which can be broadly grouped into (i) non-relativistic potential models [14] , (ii) non-relativistic mean-field models [15, 16, 17, 18] , (iii) field theoretical based relativistic mean-field models (FTRMF) [19, 20, 21] and (iv) DiracBrueckner-Hartree-Fock model [22, 23, 24, 25] . The CFL quark matter appearing at the core of hybrid stars are described within the MIT bag model and Nambu-Jona-Lasinio (NJL) model. The studies based on the MIT bag model indicate the existence of stable configurations of hybrid stars with the CFL quark matter core [26, 27, 28] . Two different situations are encountered, the hybrid stars with CFL quark matter core either form a third family of compact stars separated from the purely hadronic sequence by an instability region or bifurcate from the hadronic sequence of stars when the central density exceeds the phase transition density at which deconfinement of hadrons to the CFL quark matter occurs. The scenario is completely different when NJL model is employed to study the hybrid stars with CFL quark matter core. Until recently [29, 30, 31] , it was shown that the NJL like model rules out the CFL quark matter phase at the core because it renders the hybrid star unstable. Only very recently, it has been found that large enough values of the diquark coupling strength in NJL model can yield stable configurations of the hybrid star containing CFL quark matter core [32, 33] .
The stability of hybrid star with CFL quark matter core depends strongly on the values of the deconfinement phase transition density and the CFL gap parameter which are poorly known. In the present work we construct the static sequences of hybrid stars, with CFL quark matter core, for a set of EOSs obtained for different values of CFL gap parameter and the deconfinement phase transition density. The hadron phase of the hybrid star is described by using an appropriately calibrated extended FTRMF model which includes the contributions from self-and mixed interaction terms for σ, ω and ρ mesons up to the quartic order. The CFL quark matter phase is described within the MIT bag model with an additional parameter that mimics the effect of including perturbative QCD corrections. Instead of keeping the value of the bag constant fixed as previously done [26, 27] The paper is organized as follows, in Sec. II we describe in brief the models used to construct the EOSs for hadronic phase, CFL quark phase, and the mixed phase. In Sec. III we present the results for static and mass-shedding limit sequences for hybrid stars. In Sec. V we state our conclusions.
II. EQUATIONS OF STATE FOR HYBRID STAR MATTER
We construct the EOS for the hybrid star matter which is composed of hadrons at low densities, quark matter in the CFL phase at high densities and the mixed phase at the intermediate densities.
The EOS for the hadron matter is obtained within the framework of the extended FTRMF model.
The EOS for the quark matter in the CFL phase is obtained using the MIT bag model. The EOS for the mixed phase is constructed using the Gibbs conditions. For the hadron matter at very low densities ρ ∼ 0.5ρ 0 fm −3 going down to ρ = 6.0 × 10 −12 fm −3 we use Negele-Vautherin [34] and Baym-Pethick-Sutherland EOS [35] .
A. Hadron phase
The hadronic phase is described using the extended FTRMF model which includes the contributions from self-and mixed interaction terms for σ, ω, and ρ mesons up to the quartic order.
The mixed interaction terms involving the ρ-meson field enables one to vary the density dependence of the symmetry energy coefficient and neutron skin thickness in heavy nuclei over the wide range without affecting the other properties of the finite nuclei [36, 37] . The contribution from the self-interaction of ω-mesons plays an important role in determining the high density behavior of EOS and consequently the structure properties of compact stars [38, 39] . The contributions of self-interaction of ρ-meson are ignored as they affect the ground state properties of heavy nuclei and compact stars only very marginally [39] . In our recent work [38] we have obtained several parameterizations of the extended FTRMF model in such a way that the bulk nuclear observables and nuclear matter incompressibility coefficient are fitted well. These different parameterizations produce different behavior for the EOS at high densities.
The energy density of the hadron phase in the extended FTRMF models is given by
The pressure of the hadron phase matter is given by
where, M * = M − g σN σ is the effective mass of nucleon with M being the free nucleon mass. In The last term in Eqs. (1) and (2) gives the contributions to the energy density and pressure from leptons, respectively. In Eqs. 1 and 2, µ n and µ e represent the chemical potentials for the neutrons and electrons, respectively. The chemical potentials for the protons µ p and the muons µ µ can be expressed in terms of µ n and µ e using the β−equilibrium conditions, i.e.,
µ e = µ µ .
Once th chemical potentials for the nucleons are known, their fermi-momenta can be obtained by solving the field equations for the mesons as given in Ref. [38] . The fermi-momenta k l f for the leptons are obtained as,
In addition to the conditions of the β−equilibrium, matter in pure hadronic phase is considered to be charge neutral.
B. Quark matter in the CFL phase
The free energy density for quark matter in the CFL phase is taken to be [40] ,
where, µ is the average chemical potential for quarks and µ e is the electron chemical potential.
The contribution to Eq. (6) from the quarks is given by,
where, u and d quarks are assumed to be massless and s quark has the mass m s . The term proportional to µ 4 in Eq. (7) corresponds to the QCD inspired correction [41] . The second last term involving the CFL gap parameter ∆ is the lowest order contribution from the formation of the CFL condensate. The last term B is the bag model constant which accounts for the energy difference between the perturbative vacuum and the true vacuum. The number densities for all the three flavours of quarks considered are the same and can be obtained as,
with q = u, d and s and the common fermi momentum ν given as,
The contribution to the Eq. (6) from the Goldstone bosons arising due to the breaking of chiral symmetry in the CFL phase is evaluated using Ω GB CFL (µ, µ e ) [42] ,
where the parameters are
The total energy density and pressure for the quark phase (QP) can be calculated as,
and
It is clear from the Eq. (8) that the densities for the u, d and s quarks are equal to each other for the quark matter in the CFL phase. Thus, quark matter in the CFL phase is enforced to be charge neutral. The electrons are present only in the mixed phase of hadronic and the quark matter.
C. Mixed phase
The EOS for the mixed phase composed of hadronic and CFL quark matters is obtained using the Gibbs conditions. The Gibbs conditions can be expressed in terms of two independent chemical potentials in our case as,
where, µ n and µ e are the two independent chemical potential with µ n being the neutron chemical potential. In the mixed phase the average quark chemical potential µ = µ n /3. In the mixed phase local charge neutrality condition is replaced by the global charge neutrality
where χ is the volume fraction occupied by quark matter in the mixed phase and ρ ch is the charge density. It is clear from Eq. (16) that both hadron and quark matter are allowed to be charged separately. The energy density E MP and the hadron density ρ MP of the mixed phase can be calculated as [43] ,
Once these quantities are determined, we can construct the complete EOS with the hadron phase, quark matter phase and mixed phase and compute the properties of hybrid compact star.
III. STRUCTURE OF HYBRID STARS WITH CFL CORE
We study the properties of the hybrid stars, composed of CFL quark matter core, for a set [38] we have obtained several parameter sets for the extended FTRMF model for different values of the coupling strength of the ω−meson self-interaction term and the neutron-skin thickness in 208 Pb nucleus as these are not well determined from the presently available experimental data.
Each of the parameterizations are consistent with bulk properties of the finite nuclei and nuclear matter. In the present work we have employed the parameter set which corresponds to ω−meson self-interaction strength ζ = 0 (Eq. 1) and neutron-skin thickness of 0.2 fm in the 208 Pb nucleus.
The choice of ζ = 0 yields stiff EOS for the hadronic matter at high density. The EOSs of CFL quark matter for different values of ∆ and ρ t are obtained using strange quark mass m s = 150 MeV and the constant c = 0.3 in Eq. (7). In Fig. 2 we plot the values of the bag constant B 1/4 as a function of ∆ for ρ t = 4ρ 0 − 6ρ 0 . We get the values of B somewhat higher compared to the ones commonly used. In particular, the value of B increases rapidly with the deconfinement phase transition density. This is because, stiffness of the EOS for the hadronic matter as considered here increases rapidly with density. Further, as the CFL gap parameter increases, the value of B increases to keep the phase transition density unaltered. In Fig. 3 we plot the values of the average quark chemical potential µ t at the deconfinement phase transition densities ρ t = 4ρ 0 − 6ρ 0 as a function of the CFL gap parameter. For our choice of the phase transition densities, the values of µ t are in the range of 375 − 500 MeV which are in reasonable agreement with the ones obtained in Refs. [13, 32] . The properties of the static and rotating compact stars resulting from our set of EOSs are computed using the code developed by Stergioulas [47] .
A. Static sequences
The sequence of static compact stars is obtained by varying the central energy density ǫ c for a
given EOS. For stable configuration,
where, M is the gravitational mass of the static compact star. In Figs and are the hybrid stars with CFL quark matter core. We also plot the M − R curves obtained using the constraints imposed by the discoveries of the kHz quasi-periodic oscillations (QPOs) [50] and the X-ray transient XTE J1739-285 [51] . The frequency of the innermost stable circular orbit (ISCO) inferred from the QPOs limits the mass of the non-rotating compact stars to be,
The values of ν IS CO are in the range of 1220 − 1310 Hz. The compact star radius must be smaller than the ISCO, which implies [50] R 19500 Hz ν IS CO km.
Radii limits for masses less than the upper limit scales with M 1/3 . The discovery of XTE J1739-285 suggests that it contains a compact star rotating at 1122Hz. This, imposes the constraint on the maximum radius of a non-rotating compact star with mass M [52] ,
We see that the hybrid stars with M 1.4M ⊙ satisfy the constraint as expressed by Eq. (22) . It is also found in Refs. [53, 54] that mass of the compact star rotating with 1122 Hz is equal or larger than 1.4M ⊙ .
In Table I we give the values of maximum masses with corresponding central energy densities and radii for the hadronic and the hybrid stars obtained using different values of the ∆ and ρ t .
It may be noted that, for a given ∆ and ρ t , the central energy density for the maximum mass of the hadronic star corresponds to the one at which the onset of mixed phase occurs (see also Thus, the hybrid stars with CFL core are expected to rotate significantly faster in comparison to the hadronic stars. We also remark that our results for the mass-radius relationship are somewhat similar to the ones obtained using the NJL like model [32, 33] , for the hybrid stars composed of CFL or CCS quark matter core.
B. Mass-shedding limit sequences
In Fig. 7 we plot relationship between mass and the circumferential equatorial radius R eq for the mass-shedding limit sequences obtained for the EOSs corresponding to different values of ∆ and ρ t . The portion of the curves left to the solid circles represent the hybrid stars with CFL core.
The symbol cross (×) on the different curves marks the maximum mass of the hybrid star. For ρ t = 5ρ 0 with ∆ = 50 and 75 MeV, third family of compact stars with CFL core disappears from the mass-shedding limit sequence, though, they exist in the static sequence as can be seen from Table   II , we give the values of the central energy density, radius and Kepler (mass-shedding) frequency f K at the maximum mass for the hadronic and hybrid stars corresponding to different ∆ and ρ t .
The values of the Keplerian frequency at the maximum hybrid star mass is in the range of 1.7 − 2 kHz, whereas, the Keplerian frequency at the maximum mass for the hadronic stars is ∼ 1 kHz.
We now examine several cases for which third family of compact stars with CFL core appears in the static sequence, but, disappear from the mass-shedding limit sequence. We observe that for these cases, maximum mass of the third family compact stars is lower than their second family counterpart. In Fig. 8 , we have plotted the mass-shedding limit sequences (upper panel) and the static sequences (lower panel) for ∆ = 150 MeV with ρ t ranging from 5ρ 0 − 6ρ 0 . We clearly see that the third family of compact stars tend to disappear beyond ρ t > 5.5ρ 0 . Strikingly, at ρ t = 5.5ρ 0 , maximum masses of the second and third family compact stars are nearly equal in the static limit.
We find similar outcome for the other cases (not shown here). Thus, it seems there exist a critical value of ρ t for a given ∆ beyond which third family of compact stars with CFL core tend to disappear with increase in ρ t . Below the critical value of ρ t , such hybrid stars in the non-rotating limit have maximum mass higher than their counterpart composed of hadronic matter. Our these results are substantiated by the earlier calculations performed using different EOSs [32, 56, 57] .
The EOS used in Ref. [32] yields third family of compact stars in the static as well as in the mass-shedding limit sequences. For this EOS, the maximum mass of the compact star belonging to third family is larger by about 0.1M ⊙ compared to its second family counterpart. On the other hand, for the EOSs used in Refs. [56, 57] , the third family compact stars exist in the static limit and disappears from the mass-shedding limit sequences. For these EOSs, maximum mass of the second and third family compact stars are nearly equal. In Ref. [56] , the maximum masses for the second and third family compact stars are found to be 1.57M ⊙ and 1.55M ⊙ , respectively. In Ref.
[57], the maximum masses for the second and third family compact stars are 1.36M ⊙ and 1.38M ⊙ , respectively.
C. Critical rotation frequency
We have computed the values of the maximum or the critical rotation frequency f crit for the stable configurations of hybrid stars with CFL core. The stable configurations of the compact stars rotating at a given frequency f satisfy,
The Eq. (23) is satisfied only for f f crit . To locate the critical frequency we first obtained the variation in the mass as a function of ǫ c at fixed frequencies in steps of 50Hz. Then, for appropriate interval of the frequency, the calculations were repeated by varying the frequency in steps of 5Hz
to determine the value of f crit . In Figs. 9 and 10 we plot the M − R eq curves at fixed values of the rotational frequency. The black solid lines represent the results obtained at the f = f crit . For the clarity, we mainly focus on the regions of the M − R eq curves corresponding to the sequences of the hybrid stars which are relevant in the present context. In this region, the value of R eq decreases with increase in ǫ c . The results presented in Fig. 9 correspond to the cases for which third family of compact stars exists in the static as well as in the mass-shedding limit sequences.
In Fig. 10 , we consider the cases for which third family of compact stars exist in the static limit, but, disappears from the mass-shedding limit sequences. We see that the value of f crit , for the cases presented in Fig. 9 , are larger than the highest observed rotation frequency 1122 Hz. The value of f crit ≃ 775 − 900 Hz for the cases presented in Fig. 10 . For ρ t = 4ρ 0 , the value of f crit increases from 1370 − 1805 Hz as the CFL gap parameter ∆ increases from 50 MeV to 150 MeV. It may be pointed out that the situation analogous to that of Fig. 10 is encountered in Refs. [56, 57] , but, the value of f crit is about 350 − 650 Hz.
In Table III , we summarize the properties at the maximum mass of the hybrid stars with CFL core rotating with critical frequency. We compare the values of ǫ c ( f crit ) as given in this table with the maximum (ǫ c (0)) and the minimum ( ǫ ′ c (0)) energy densities at the centre of stable configurations of non-rotating hybrid stars. In the last two columns of Table III we give the values of ∂ǫ 1 and ∂ǫ 2 calculated as,
The values of ǫ c (0) and ǫ c ( f crit ) are taken from 6th and 4th columns of Tables I and III, (Table III) is lower than the Kepler frequency (Table II) for the cases considered in Fig. 9 . We would like to point out that the vlaue of f crit for a given EOS represents maximum rotation frequency for which the stability condition as given by Eq. (23) is satisfied. Whereas, the mass-shedding limit sequences can not be subjected to Eq. (23) . Along these sequences, rotation frequency corresponds to the Kepler frequency which increases with the central energy density. This leads to the values of Kepler frequency at maximum mass higher than the f crit for a given EOS.
IV. CONCLUSIONS
We construct static and mass-shedding limit sequences of hybrid stars for a set of EOSs ob- We find for several cases that the third family of compact stars disappear from the massshedding limit sequences, though, they appear in the corresponding static sequences. Our investigation suggest that the third family compact stars is more likely to appear in the mass-shedding limit sequence provided they have maximum mass in the static limit higher than their counterpart composed of pure hadronic matter. Further, we have calculated the quantity ∂ǫ 2 (Eq. 25) obtained using the minimum and the maximum values of the central energy densities for the stable configurations of the static hybrid stars. The values of ∂ǫ 2 is less than 0.4 for the cases for which third family of the compact stars disappears from the mass-shedding limit sequences, but, exists in the static limit. Except for these cases, the values of the critical rotation frequency for the hybrid stars with CFL core are larger than the highest observed frequency 1122 Hz. The relationship between the values of δǫ 2 and the disappearance of the third family of compact stars from the 
